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bstract

In order to design and operate a fixed-bed reactor, accurate modeling is important. For a single component system, the determination of intraparticle
iffusivity is rather easy. However, the calculations of multi-component systems are normally complicated and very time-consuming. Therefore, an
lternative simple determination procedure using the shallow bed technique is proposed in this research to determine the intraparticle diffusivities
or multi-component systems. Ternary component systems of phenol (PH), benzoic acid (BA), and p-nitro-phenol (PNP) were investigated as model
omponents. This study illustrated that adsorption uptake curves of different components in ternary systems can be converted into one typical
haracteristic curve (theoretical uptake curve, TUC) by using a set of dimensionless groups. By matching the dimensionless experimental uptake

urve (DEUC) with TUC, diffusivities of PH, BA and PNP were determined as 8.00 × 10−8, 5.92 × 10−8 and 5.05 × 10−8 cm2 s−1, respectively.
hese values are in good agreement with simulated experimental values. This study demonstrated that the shallow bed technique can be used to
imultaneous determination of intraparticle diffusivities from multi-component systems.

2007 Elsevier B.V. All rights reserved.
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. Introduction

For application of adsorption technology in advanced water
nd wastewater treatment, the fixed-bed reactor is considered the
ost efficient [1]. However, the adsorption of multi-component

ystems is much more complicated as compared to the adsorp-
ion in single component systems [1]. For single component
xed bed reactors, many design methods were presented such as

he analytical solution using an approximation approach (MTZ
ethod) [2], the graphical solutions based on linear driving force

LDF) approximation approaches [3–4], the analytical solution
sing LDF approximation approaches [5], and the numeri-
al solution of partial differential equations approach [6] (the
umerical breakthrough curve method). In general, the MTZ

ethod is the simplest among these methods, while the numer-

cal breakthrough curve method is the most difficult as well as
he most accurate method.

∗ Corresponding author. Tel.: +886 4 26318652x4105; fax: +886 4 26525245.
E-mail address: fan@sunrise.hk.edu.tw (H.-J. Fan).
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For multi-component adsorption systems, only a few design
ethods are presented in the literature. All of these methods

equired equilibrium parameters for multi-component systems
nd adsorption kinetic parameters from a single adsorption test.
he multi-component adsorption equilibria can be estimated
sing single component isotherms [7–14]. For multi-component
dsorption kinetic parameters, the extended-MTZ method can
ossible to be used [15,16]. The extended-MTZ method is
imilar to the traditional MTZ method except using transient
quilibrium relationship for adsorption zone. However, the esti-
ation of the transient adsorption equilibria is very complex and

ence the extended-MTZ method is not easy to use. Therefore,
here is a need for developing a simple procedure for the deter-

ination of kinetic parameters for multi-component systems.
In order to design and operate a fixed-bed reactor, accu-

ate modeling is important, which can be done by solving a

eries of nonlinear partial differential equations. The calcula-
ion is normally very time-consuming and complicated [17]. A
ood procedure for determination of kinetic parameters must
e composed of simple experimental and analytical procedures.

mailto:fan@sunrise.hk.edu.tw
dx.doi.org/10.1016/j.jhazmat.2007.11.072
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or single component kinetic adsorption, one of the simple
xperimental procedures is the completely mixed batch reac-
or (CMBR) method and the analytical procedure is very easy
o use. However, for multi-component adsorption systems in
he CMBR, the analytical procedure is very complex because
he procedure involves sophisticated numerical estimation of
oncentration decay curves using multi-component adsorption
quilibria. An alternative simple determination procedure for
inetic parameters is the shallow bed technique for single com-
onent adsorption systems. In general, in order to simulate
he adsorption kinetics, equilibrium models such as the linear
sotherm, Freundlich isotherm, Langmuir isotherm and surface
omplex formation models must be obtained first [17]. One
ajor advantage of the shallow bed technique is that the kinetic

arameters can be determined from experimental uptake curve
EUC) without knowledge of equilibrium data. However, the
ethod is only applicable to single component systems; there

s no simple analytical solution for multi-component systems.
herefore, the objective of this paper is to propose an alterna-

ive method using the shallow bed technique for simultaneous
etermination of intraparticle diffusivities in multi-component
ystems.

. Fundamental equations and estimation procedure

In a shallow bed reactor, since the bed length is very short,
he adsorbate concentration at the effluent is the same as the
oncentration at the influent. The mass-transfer resistance at
he fluid-to-solid film surrounding adsorbent particles in a shal-
ow bed reactor can be negligible under high fluid velocity.
ence, the adsorbate concentration at the interface between fluid

nd solid is the same as the concentration of the fluid running
hrough spaces among particles. The rate equation for com-
onent i within a spherical adsorbent particles is listed in Eq.
1) with the assumption that the surface diffusion controlling
nd the solid concentration difference is the main driving force
or intraparticle mass transfer. When a virgin adsorbent particle
s employed, the amount adsorbed for each component at any
oints within the particle is initially zero in multi-component
ystems. At the surface of adsorbent (rp), the amount adsorbed
or each component is equilibrium with fluid concentrations
t time (t) = zero. At the center of particles (r = 0), the differ-
ntial coefficient (∂qm,i/∂r) is zero, because of the symmetry.
he initial and boundary conditions of Eq. (1) are listed in Eqs.

2)–(4).

∂qm,i

∂t

)
=
(

Ds,i

r2

)
∂

∂r

(
r2 ∂qm,i

∂r

)
(1)

.C. qm,i = 0, at t = 0 (2)

.C.
∂qm,i

∂r
= 0, at r = 0 (3)
m,i = qs,i = q0,i, at r = rp (4)

here qm,i and qs,i denotes the amount of component i adsorbed
t r and rp, respectively. q0,i is the amount of component i
dsorbed at the equilibrium conditions. Ds,i is effective sur-

i
s
v
i
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ace diffusivity of component i. In multi-component systems, for
omponent i, the equilibrium amount adsorbed (q0,i) is depen-
ent on not only the corresponding component concentration
c0,i) but also the concentrations for other components in the
olution [10–14,18]. Amount adsorbed within particles (qm,i)
annot be evaluated analytically and hence the finite difference
quations were derived from Eq. (1). In this case, central dif-
erence method was employed with I.C. and B.C listed in Eqs.
2)–(3) to determine theoretical values of qm,i.

The amount adsorbed within particles (qm,i) cannot be
btained experimentally and hence the value of qm,i is converted
o a measurable particle mean amount adsorbed (qt,i). The value
f qt,i is obtained by the integration of the local value, as shown
n Eq. (5). The numerator in right-hand-side of Eq. (5) denotes
otal amount adsorbed on one adsorbent particle and the denom-
nator is the weight of the single particle. Particle density in both
umerator and denominator are omitted.

t,i =
∫ rp

0 4πqm,ir
2 dr

(4/3)πr3
p

(5)

For a virgin adsorbent particles, the value of qt,i for each com-
onent varies from zero to the corresponding q0,i. The value of
0,i depends on the concentrations of all components dissolved
n the solution. For single component system, an analytical solu-
ion is available for Eq. (1) [19–21]. However, in the case of a
on-linear and multi-component systems, Eq. (1) with initial
nd boundary conditions cannot be solved yet due to the fact
hat the q0,i depends on the concentrations of all component
issolved in the solution as mentioned above. Therefore, these
quations were solved numerically using the finite difference
ethod to yield uptake curves for ternary component systems

n this research. The increment for dimensionless radial length,
R, was used to be 1/30 based on a preliminary estimation.
he simulated uptake curves were matched with the theoret-

cal uptake curve (TUC) to determine the diffusivity of each
omponent in the ternary component systems. The definition
f TUC and the determination method are illustrated in Sec-
ion 3.2. Computation software was written with the Borland
++ Builder and the calculation time was a few minutes on a
00 MHz Pentium III computer.

. Results and discussion

.1. Dependency of uptake curves

Ternary component systems including phenol (PH), ben-
oic acid (BA), and p-nitro-phenol (PNP) were investigated
n this study. Characteristic of these components are listed in
able 1. The adsorbent particle radius (rp) was 0.0298 cm. Under
onditions listed in Table 2 with various influent concentra-
ions, ternary component uptake curves were simulated by the
echnique mentioned above. The simulated uptake curves are

llustrated in Fig. 1. The figure shows all uptake curves reached
imilar values of the corresponding q0,i. It shows that the final
alues reached in the uptake curves of PH, BA, and PNP in var-
ous ternary component systems are shown in Fig. 2. As shown
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Table 1
Characteristics of adsorbate

Component Phenol Benzoic acid p-Nitro-phenol

Freundlich constant k (mmol g−1) 1.62 2.09 2.47
Freundlich constant n 4.32 4.03 5.83
Intraparticle diffusivity (cm2 s−1) 8.0 × 10−8 6.0 × 10−8 5.0 × 10−8

Molecular weight 94.11 122.13 139.11

Table 2
Simulated conditions

Run Component Phenol
(PH)

Benzoic
acid (BA)

p-Nitro-phenol
(PNP)

1 Concentration (g L−1) 1.0 1.0 1.0
2 Concentration (g L−1) 2.0 1.0 1.0
3 −1
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characteristic uptake curve regardless of different types of adsor-
Concentration (g L ) 1.0 2.0 1.0
Concentration (g L−1) 1.0 1.0 2.0

n Fig. 2, the shapes of uptake curves q0,i were dependent on the
oncentrations of other components in solution. For example,
henol with the concentration ratios of 1:1:1 for PH:BA:PNP
as the highest uptake curve as shown in Fig. 2a. The uptake
urves of phenol were significantly reduced under conditions
f higher concentration ratios of BA or PNP, such as 1:2:1 and

:1:2 for PH:BA:PNP, respectively. Similar simulated results
ere observed for BA and PNP as shown in Fig. 2b and c,

espectively.

b
u
d

Fig. 1. Simulated uptake curves for ternary compone
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The dimensionless mean amount adsorbed (Qt,i) can be
btained by dividing qt,i by its corresponding q0,i as shown in
q. (6).

t,i = qt,i

q0,i

(6)

The resulting modified uptake curves for each component
re shown in Fig. 3. Each component or adsorbate converged
nto one characteristic curve and unlike in Fig. 2, the curve is
ndependent of the solution compositions. For example, the PH
ptake curve (Fig. 2a) with three different influent composi-
ions converges into one characteristic curve as shown in Fig. 3.
imilar results were obtained for BA and PNP.

Furthermore, the dimensionless time (Ti) was introduced into
hese curves in Fig. 3 to further consolidate these curves into one
ypical characteristic uptake curve. Ti is defined in Eq. (7).

i =
(

Ds,i

r2
p

)
t (7)

The resulting dimensionless uptake curves are shown in
ig. 4. It is apparent that all uptake curves with different
ompositions as shown in Fig. 3 converted into one typical
ate. The curve shown in Fig. 4 is referred as TUC (theoretical
ptake curve). TUC would be used to determine the intraparticle
iffusivities in multi-component systems.

nt systems under conditions listed in Table 2.
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Fig. 2. Simulated of uptake curves of (a) PA, (b) B

Two additional dimensionless variables are defined in Eqs.
8)–(9).

= r

rp
(8)

m,i = qm,i

q0,i

(9)

here R and Qm,i denotes dimensionless particle radius and
he dimensionless amount of component i adsorbed at R = R,
espectively.

Based on the results presented in Fig. 4, the dimensionless
ariables listed in Eqs. (6)–(9) were applied into Eqs. (1)–(5).
he resulting equations are as shown in Eqs. (10)–(14) which
re the same as those for single compound systems except that
imensionless variable are employed.

∂Qm,i

∂Ti

)
=
(

1

R2

)
∂

∂R

(
R2 ∂Qm,i

∂R

)
(10)
.C. Qm,i = 0, at Ti = 0 (11)

.C.
∂Qm,i

∂R
= 0, at R = 0 (12)

ig. 3. Dimensionless uptake curves with dimensional time for ternary compo-
ent systems.

o

3

s

d (c) PNP in various ternary component systems.

m,i = Qs,i = 1, at R = 1 (13)

t,i = 3
∫ 1

0
Qm,iR

2 dR (14)

In Eqs. (10)–(14), Qt,i is a function of Ti and the relation-
hip between Qt,i and Ti can be solved analytically as for single
omponent systems [19–21] as shown in the following equation.

t,i = 1 − 6

π2

∞∑
k=1

1

k2 exp(−π2k2Ti) (15)

Based on Eq. (15), different components uptake curves in
ulti-component systems can be converted into one typical char-

cteristic curve with the help of dimensionless groups listed
bove. This finding agrees with the results illustrated in Fig. 4
hich shows that all components can be converted into one

ypical characteristic curve. Therefore, the uptake curves of
dsorbates in multi-component systems can be solved as that
f single component systems.
.2. Determination of intraparticle diffusivities

Based on the results presented above, the intraparticle diffu-
ivity for multi-component system can be estimated by matching

Fig. 4. Theoretical uptake curve (TUC).
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with TUC, diffusivities of PH, BA and PNP were deter-
mined as 8.00 × 10−8, 5.92 × 10−8 and 5.05 × 10−8 cm2 s−1,
Fig. 5. DEUC of (a) PA, (b) BA and

oth the dimensionless experimental uptake curve (DEUC) and
UC. (1) DEUC: DEUC can be obtained by conducting multi-
omponent adsorption tests. Assuming the simulated results
resented in Fig. 1 are EUCs. Plot Qt,i, against log(t) and the
esulting figure is referred as DEUC. Qt,i is obtained by divided
t,i by its corresponding q0,i. (2) TUC: as shown in Fig. 4, plot
t,i against log(Ti). The figure is referred as TUC and the curve

s used as a model curve. The two uptake curves (DEUC and
UC) are overlaid and one of the curves is shifted horizontally
ntil a match between the two curves is found. The match would
ield a ratio value of t/Ti. The value is applied into Eq. (7) to
alculate the corresponding effective diffusivity Ds,i as shown
n the following equation.

s,i =
(

T

t

)
r2

p (16)

Assuming the results presented in Fig. 1 are typical EUCs for
ernary systems of PH, BA and PNP. The EUCs are converted
nto DEUCs as shown in Fig. 5a–c for PH, BA and PNP, respec-
ively. Overlay Fig. 5a–c with Fig. 4, respectively and results

re presented in Fig. 6a–c, respectively. Lines in Fig. 6a–c are
orresponding to the TUC in Fig. 4. The ratios of t/Ti (dimen-
ional time (min)/dimensionless time) of PH, BA, and PNP can
e found in Fig. 6a–c, respectively. The ratios are 185, 250, and

r
l
m
r

Fig. 6. Overlay uptake curves of DEUC wi
NP in various ternary components.

93 min for PH, BA, and PNP, respectively. The obtained dif-
usivities through Eq. (16) are 8.00 × 10−8, 5.92 × 10−8 and
.05 × 10−8 cm2 s−1 for PH, BA and PNP, respectively. For
xample, diffusivity of PH is calculated as follows:

s,PH =
(

TPH

t

)
r2

p =
(

1

185 min

1 min

60 s

)
(0.0298 cm)2

= 8.00 × 10−8 cm2 s−1

hese obtained diffusivities are in good agreement with values
resented in Table 1.

. Conclusion

This study demonstrated that the shallow bed technique
an be used to determine the intraparticle diffusivities for the
ernary component system. For example, by matching DEUC
espectively. These values are in good agreement with simu-
ated experimental values. This method developed in this study

ight be useful for future design and operation of fixed-bed
eactors.

th TUC (a) PA, (b) BA and (c) PNP.
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